We construct exceptional collections of line bundles of maximal length 4 on S = (C ×D)/G which is a surface isogenous to a higher product with p g = q = 0 where G = G(32, 27) is a finite group of order 32 having number 27 in the list of Magma library. From these exceptional collections, we obtain new examples of quasiphantom categories as their orthogonal complements.
Introduction
Quasiphantom categories are surprising new subcategories in the derived categories of algebraic varieties first discovered by Böhning, Bothmer and Sosna in [7] . Their discovery provides new perspectives on the study of derived categories of algebraic varieties and recently many examples of quasiphantom categories were constructed by many authors(see [1, 6, 7, 10, 11, 15, 16, 18, 19, 20, 22, 23, 24] for more details). However their structures are quite mysterious and we do not know whether every surface of general type with p g = q = 0 has a quasiphantom category in its derived category.
bounded derived category of coherent sheaves on the variety. In this paper, G denotes a finite group, G = Hom(G, C * ) denotes the character group of G, and G(32, 27) means the finite group of order 32 having number 27 in the list in Magma library.
Preliminaries
In this section we recall several definitions and facts which we will use later.
Surfaces isogenous to a higher product with
We review the basic theory of surfaces isogenous to a higher product with
Definition 2.1. [2, Definition 2.1] A surface S of general type is said to be isogenous to a higher product if S is isomorphic to (C × D)/G, where C and D are curves of genus at least 2, and G is a finite group acting freely on C × D.
We call S of unmixed type if G acts diagonally on C × D.
Bauer, Catanese and Grunewald classified surfaces isogenous to a higher product with p g = q = 0 in [4] . Their strategy was to classify all groups acting freely on product of two curves with some specified conditions. Let S = (C × D)/G be a surface isogenous to a higher product of unmixed type with p g = q = 0. Consider the two quotient maps C → C/G and D → D/G.
Since q = 0, we see that C/G ∼ = P 1 ∼ = D/G. These quotient maps give several group theoretic data. We recall several terminologies following [4] .
Definition 2.2. [4]
Let G be a group and r be a natural number with r ≥ 2.
(1) An r-tuple T = [g 1 , · · · , g r ] ∈ G r is called a spherical system of generators of G if g 1 , · · · , g r is a system of generators of G and g 1 · · · g r = 1. 
is defined as follows:
(4) Let T 1 , T 2 be a pair of spherical systems of generators ( be two tuples of natural numbers. Then for any ramification structure T ∈ B(G; A 1 , A 2 ), there is a surface isogenous to a higher product of unmixed type with G(S) = G and T (S) = T .
Automorphisms of curves
We review several results about automorphisms of curves and their invariants. First, let us recall Lefschetz fixed point formula.
Theorem 2.5. (Lefschetz Fixed Point Formula)[9, Corollary 12.3] Let g ∈ G be a non-trivial automorphism of an algebraic curve C of genus g ≥ 2, and let χ KC the character of the action of G on H 0 (C, K C ). Then we have
In particular, χ KC (g) = 1 − 1 2 |Fix(g)| when all characters are real-valued.
Beauville studied theta characteristics on curves with involution in [5] . His results are the main tools of our investigation of involution invariant line bundles.
Let C be a curve and σ be the involution on C. Let B be the quotient curve C/ σ , π : C → B be the quotient map and R ⊂ C be the set of ramification points. This double covering corresponds to a line bundle ρ on B such that
See [5] for more details. Beauville obtained the following result which tells us which σ-invariant line bundles on C comes from B.
Lemma 2.6.
[5] Consider the map φ : Z R → Pic(C) which maps r ∈ R to O C (r). Its image lies in the subgroup Pic(C) σ of σ-invariant line bundles. We get a short exact sequence
and the kernel is generated by (1, · · · , 1).
And he obtains the following result which tells us how to compute the sheaf cohomology groups of invariant theta characteristics as follows.
Proposition 2.7.
[5] Let κ be a σ-invariant theta characteristic on C. Then
, and the parity of κ is equal to deg(L)−b+1 (mod 2)
where b is the genus of B.
Finally we recall the following result of Dolgachev which enables us to construct G-equivariant line bundles on C × D using G-invariant line bundles on C and D.
Proposition 2.8.
[12] Let X be a smooth projective variety and let G be a finite group acting on X. There is a well-known exact sequence
and the last homomorphism is surjective when X is a curve.
3. Derived categories of surfaces isogenous to a higher product with
Let S = (C ×D)/G be a surface isogenous to a higher product with p g = q = 0. It is easy to see that the maximal possible length of an exceptional collection is less than or equal to 4(see [11, 19, 22, 23, 24] for more details). In this section we construct exceptional collections of line bundles of maximal length 4 
Equivariant geometry of C and D
Let g 1 , g 2 , · · · , g 5 be generators of G for the presentation of G as in Appendix A. The unmixed ramification structure T = (T 1 , T 2 ) corresponds to
) which is equivalent to
( [4] , see also [3] and Appendix A). We are going to construct the desired line bundles from the above unmixed ramification structure. We can compute the representation of H 0 (C, K C ) by the Lefschetz fixed point formula. For T 1 , the numbers of fixed points are given by Table 1 . (Note that 1 fixes every point in
Therefore we get the character χ KC of the action of G on H 0 (C, K C ). The value of χ KC at the identity class is the genus 5. At any non-trivial conjugacy class of g ∈ G(32, 27), the value of χ KC at g is given by
#fixed points ∞ 8 0 0 0 0 8 0 8 0 4 0 0 4 Thus the values of the character χ KC at the fourteen conjugacy classes ordered as above are as following Table 2 . 
Similarly, for T 2 , the numbers of fixed points are given by Table 3 .
#fixed points ∞ 0 8 8 The genus of D is 9, so the character values of χ KD at the fourteen conjugacy classes ordered as above are as in Table 4 . We find χ KD = χ 4 + χ 10 + χ 12 + χ 13 + χ 14 from the character table again. ({i, j, k} = {1, 2, 3})
Constructing line bundles on
This means η i is a G-invariant, so we are done.
By the orbit-stabilizer theorem, we have
where Stab G (η i ) denotes the stabilizer of η i under the G-action. However,
Thus, there is a G-invariant theta characteristic η of B. We see that h 0 (B, η) = 0 since there is no global section for any non-trivial line bundle of degree 0 of B, and h 1 (B, η) also vanishes by the Riemann-Roch theorem. With the existence of such η, we can prove the following lemma:
Proof. Let R be a ramification divisor of π : C −→ B of degree 8 as above and consider a normal subgroup H := g 2 g 5 , g 4 ✂ G(32, 27) of order 4. Then by the unmixed ramification structure and the Riemann-Hurwitz formula, C/H ∼ = P 1 and since g 2 and g 4 freely act on C, the H-action on R is free. Thus,
⊗2 where π H : C −→ P 1 is the quotient map induced by H. Because
is a G(32, 27)-invariant line bundle and since
Constructing line bundles on D
We begin with the following lemma which will be useful to construct some line bundle on D. 
Proof. Note that the orders of the stabilizer groups g 2 g 3 g 4 , g 2 , g 1 g 2 g 3 g 5
and g 1 g 2 are 2, 2, 4 and 4 respectively; see Remark A.2.
(1) Consider the subgroup 
From the above computations we also have the following Lemma.
Proof. First, we claim that χ 1 is the unique 1-dimensional subrepresentation of
then there should be a G-invariant effective divisor which is linearly equivalent to bundles on D of degree 8(see [13] , [14] , [23] for more details). We also consider Proof. From Serre duality we see that and 
Exceptional sequences of line bundles on S

It is well known that
D b G (C × D) ≃ D b (S) since G acts freely on C × D(seeχ ∈ G such that L ⊠ (M ⊗ N )(χ), L ⊠ N , O C ⊠ M(χ), O C ⊠ O D descend
to an exceptional sequence of line bundles on S.
Proof. Because S is a surface with p g = q = 0, every line bundle on S is an exceptional object. Now from the Künneth formula, we see that, for all i,
as L is an ineffective theta characteristic on C. From Riemann-Roch formula, the Euler-Poincaré characteristic of O C ⊠ M(χ) on S is equal to 0. Then by Künneth formula we see that it is enough to show that the G-invariant parts of the following vector spaces are all zero.
From the equivariant Serre duality we see that
G-modules and we know the representation of Finally we can check that for any possible representation
there exists χ ∈ G such that
using Magma (cf. Appendix B). In other word, we can always find χ ∈ G such that a sequence of 4 equivariant line bundles
to an exceptional sequence of line bundles on S.
Quasiphantom categories
From the exceptional collections of maximal length 4, we obtain examples of quasiphantom categories. We recall the definitions of quasiphantom and phantom category. For the convenience of readers, we list basic properties of G(32, 27). The following data were obtained using GAP [17] and Magma [8] . SmallGroup(a, b) denotes a finite group of order a having number b in the list in Magma library.
Definition A.1. We write G(32, 27) using finite polycyclic presentation.
G(32, 27) := SmallGroup(32, 27)
Remark A.2. We see that G(32, 27) is a semidirect product of N = Z 4 2 and Q = Z 2 via the following isomorphism (cf. [4] ).
Here we write N ⋊ Φ Q to denote the semidirect product where Φ : Q → Aut(N ) ∼ = GL 4 (F 2 ) can be represented by the following matrix.
The multiplication of G(32, 27) = N ⋊ Φ Q can be defined as follows:
The list of conjugacy classes of G(32, 27) is as follows.
The list of normal subgroups of G(32, 27) is as follows. is no n-dimensional irreducible representation for n > 2. 1 is acting from right. If it was acting from left, then we can turn it into a right action by letting each element of G(32, 27) act by its inverse; when doing so, the stabilizer groups H i do not change. Let g i1 , g i2 , · · · be the right coset representatives of H i in G(32, 27) =G; so H i g i1 , H i g i2 , · · · are the cosets. Then the list of all distinct pre-images of the i-th ramification point is x i g i1 , x i g i2 , · · · , whose stabilizers are g
is the collection of all these stabilizer groups for all i = 1, 2, 3, 4, counted with multiplicity; the number of fixed points of an element g is the number of all stabilizer groups in subs_T1 that contains g. > chi_K_D eq ct [4] +ct [10] +ct [12] +ct [13] +ct [14] ; true
The following Magma code enables us to check that for each 2-dimensional irreducible representations A, B, there exists χ ∈ G such that
hold where H 0 (C, O C ) ∼ = χ 1 and H 1 (C, O C ) = χ 7 + χ 9 + χ 11 in the character > end for;
